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Volume-preserving mean curvature flow
for tubes in symmetric spaces
Naoyuki Koike
Abstract
In this paper, we investigate the volume-prserving mean curvature flow start-
ing from a tube (of nonconstant radius) over a compact closed domain of a
reflective submanifold in a symmetric space. We prove that the tubeness is
preserved along the flow under certain conditions.
1 Introduction
Let ft’s (t ∈ [0, T )) be a one-parameter C∞-family of immersions of an n-dimensional
compact manifoldM into an (n+1)-dimensional Riemannian manifoldM , where T is
a positive constant or T =∞. Define a map f˜ :M × [0, T )→M by f˜(x, t) = ft(x)
((x, t) ∈ M × [0, T )). Denote by piM the natural projection of M × [0, T ) onto
M . For a vector bundle E over M , denote by pi∗ME the induced bundle of E by
piM . Also, denote by Ht, gt and Nt the mean curvature, the induced metric and
the outward unit normal vector of ft, respectively. Define the function H over
M × [0, T ) by H(x,t) := (Ht)x ((x, t) ∈M × [0, T )), the section g of pi∗M (T (0,2)M) by
g(x,t) := (gt)x ((x, t) ∈M × [0, T )) and the section N of f˜∗(TM) by N(x,t) := (Nt)x
((x, t) ∈ M × [0, T )), where T (0,2)M is the tensor bundle of degree (0, 2) of M and
TM is the tangent bundle of M . The average mean curvature H(: [0, T ) → R) is
defined by
(1.1) Ht :=
∫
M Htdvgt∫
M dvgt
,
where dvgt is the volume element of gt. The flow ft’s (0 ≤ t < T ) is called a
volume-preserving mean curvature flow if it satisfies
(1.2) f˜∗
(
∂
∂t
)
= (H −H)N.
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In particular, if ft’s are embeddings, then we call Mt := ft(M)’s (0 ∈ [0, T )) rather
than ft’s (0 ∈ [0, T )) a volume-preserving mean curvature flow. Note that, if M
has no boundary and if f is an embedding, then, along this flow, the volume of
(M,gt) decreases but the volume of the domain Dt sorrounded by ft(M) is preserved
invariantly.
First we shall recall the result by M. Athanassenas ([A1,2]). Let Pi (i = 1, 2) be
affine hyperplanes in the (n+1)-dimensional Euclidean space Rn+1 meeting a affine
line l orthogonally and E a closed domain of Rn+1 with ∂E = P1 ∪ P2. Also, let M
be a hypersurface of revolution in Rn+1 such that M ⊂ E, ∂M ⊂ P1 ∪ P2 and that
M meets P1 and P2 orthogonally. Let D be the closed domain surrouded by P1, P2
and M , and d the distance between P1 and P2. She ([A1,2]) proved the following
fact.
Fact 1. Let Mt (0 ≤ t < T ) be the volume-preserving mean curvature flow starting
from M . Assume that Mt meets P1 and P2 orthogonally for all t ∈ [0, T ). Then the
following statements (i) and (ii) hold:
(i) Mt (t ∈ [0, T )) remain to be hypersurfaces of revolution.
(ii) If Vol(M) ≤ Vol(D)d holds, then T =∞ and as t→∞, the flow Mt converges
to the cylinder C such that the volume of the closed domain surrounded by P1, P2
and C is equal to Vol(D).
E. Cabezas-Rivas and V. Miquel ([CM1,2,3]) proved the similar result in certain
kinds of rotationally symmetric spaces. Let M be an (n + 1)-dimensional rotation-
ally symmetric space (i.e., SO(n) acts on M isometrically and its fixed point set is a
one-dimensional submanifold). Note that real space forms are rotationally symmet-
ric spaces. Denote by l the fixed point set of the action, which is an one-dimensional
totally geodesic submanifold in M . Let Pi (i = 1, 2) totally geodesic hypersurfaces
(or equidistant hypersurfaces) in M meeting l orthogonally and E a closed domain
of M with ∂E = P1 ∪ P2. An embedded hypersurface M in M is called a hyper-
surface of revolution if it is invariant with respect to the SO(n)-action. Let M be
a hypersurface of revolution in M such that M ⊂ E, ∂ M ⊂ P1 ∪ P2 and that M
meets P1 and P2 orthogonally. Let D be the closed domain surrouded by P1, P2 and
M , and d the distance between P1 and P2. They ([CM1,2,3]) proved the following
fact.
Fact 2. Let Mt (0 ≤ t < T ) be the volume-preserving mean curvature flow starting
from M . Assume that Mt meets P1 and P2 orthogonally for all t ∈ [0, T ). Then the
following statements (i) and (ii) hold:
(i) Mt (t ∈ [0, T )) remain to be hypersurfaces of revolution.
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(ii) If Vol(M) ≤ C holds, where C is a constant depending on Vol(D) and d,
then T =∞ and, as t→∞, the flow Mt (t ∈ [0, T )) converges to a hypersurface of
revolution C of constant mean curvature such that the volume of the closed domain
surrounded by P1, P2 and C is equal to Vol(D).
A symmetric space of compact type (resp. non-compact type) is a naturally re-
ductive Riemannian homogeneous space M such that, for each point p of M , there
exists an isometry of M having p as an isolated fixed point and that the isometry
group of M is a semi-simple Lie group each of whose irreducible factors is compact
(resp. not compact) (see [He]). Note that symmetric spaces of compact type other
than a sphere and symmetric spaces of non-compact type other than a hyperbolic
space are not rotationally symmetric. An equifocal submanifold in a (general) sym-
metric space is a compact submanifold (without boundary) satisfying the following
conditions:
(E-i) the normal holonomy group of M is trivial,
(E-ii) M has a flat section, that is, for each x ∈ M , Σx := exp⊥(T⊥x M) is totally
geodesic and the induced metric on Σx is flat, where T
⊥
x M is the normal space of
M at x and exp⊥ is the normal exponential map of M .
(E-iii) for each parallel normal vector field v of M , the focal radii of M along the
normal geodesic γvx (with γ
′
vx(0) = vx) are independent of the choice of x ∈ M ,
where γ′vx(0) is the velocity vector of γvx at 0.
In [Ko3], we showed that the mean curvature flow starting from an equifocal subman-
ifold in a symmetric space of compact type collapses to one of its focal submanifolds
in finite time. In [Ko5], we showed that the mean curvature flow starting from a cer-
tain kind of (not necessarily compact) submanifold satisfying the above conditions
(E-i), (E-ii) and (E-iii) in a symmetric space of non-compact type collapses to one
of its focal submanifolds in finite time. The following question arise naturally:
Question. In what case, does the volume-preserving mean curvature flow starting
from a submanifold in a symmetric space of compact type (or non-compact type)
converges to a submanifold satisfying the above conditions (E-i), (E-ii) and (E-iii)?
Let M be an equifocal hypersurface in a rank l(≥ 2) symmetric spaceM of compact
type or non-compact type. Then it admits a reflective focal submanifold F and it
is a tube (of constant radius) over F , where the “reflectivity of submanifold” means
that the submanifold is a connected component of the fixed point set of an involutive
isometry of M and a “tube of constant radius (r(> 0)) over F” means the image
of tr(F ) := {ξ ∈ T⊥F | ||ξ|| = r} by the normal exponential map exp⊥ of F under
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the assumption that the restriction exp⊥ |tr(F ) of exp⊥ to tr(F ) is an embedding,
where T⊥F is the normal bundle of F and || · || is the norm of (·). Any reflective
submanifold in a symmetric space M of compact type or non-compact type is a
singular orbit of a Hermann action (i.e., the action of the symmetric subgroup of
the isometry group of M) (see [KT]). Note that even if T. Kimura and M. Tanaka
([KT]) proved this fact in compact type case, the proof is valid in non-compact
type case. From this fact, it is shown that M is curvature-adapted, where “the
curvature-adpatedness” means that, for any point x ∈ M and any normal vector v
of M at x, R(·, v)v preserves the tangent space TxM of M at x invariantly, and that
the restriction R(·, v)v|TxM of R(·, v)v to TxM and the shape operator Av commute
to each other (R : the curvature tensor of M). For a non-constant positive-valued
function r over F , the image of tr(F ) := {ξ ∈ T⊥F | ||ξ|| = r(pi(ξ))} by exp⊥ is
called the tube of non-constant radius r over F in the case where the restriction
exp⊥ |tr(F ) of exp⊥ to tr(F ) is an embedding, where pi is the bundle projection of
T⊥F . Note that exp⊥ |tr(F ) is an embedding for a non-constant positive-valued
function r over F such that max r is sufficiently small because F is homogeneous.
Since F is reflective, so is also the normal umbrella F⊥x := exp⊥(T⊥x F ) of F at x
and hence F⊥x is a symmetric space. If F⊥x is a rank one symmetric space, then
tubes over F of constant radius satisfies the above conditions (E-i), (E-ii) and (E-
iii). Hence, when F⊥x is of rank one, it is very interesting to invesitigate in what case
the volume-preserving mean curvature flow starting from a tube of non-constant
radius over a reflective submanifold in M converges to a hypersurface satisfying the
above conditions (E-i), (E-ii) and (E-iii). Under this motivation, we prove a result
similar to those of M. Athanassenas ([A1,2]) and E. Cabezas-Rivas and V. Miquel
([CM1,2,3]) in this paper.
The setting in this paper is as follows.
Setting. Let F be a reflective submanifold in a rank l(≥ 2) symmetric space M
of compact type or non-compact type and B be a compact closed domain in F
with smooth boundary which is star-shaped with respect to some x0 ∈ B and does
not intersect with the cut locus of x0 in F . Assume that the normal umbrellas of
F are rank one symmetric spaces. Set P := ∪
x∈∂B
F⊥x and denote by E the closed
domain in M surrounded by P . Let M := tr0(B) and f := exp
⊥ |tr0 (B), where r0 is
a non-constant positive function over B with r0 < rcut (rcut : the cut radius of F
⊥
x ).
Assume that f is an embedding. Denote by D the closed domain surrouded by P
and f(M).
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Theorem A. Let f be as in the above setting and ft (0 ≤ t < T ) be the volume-
preserving mean curvature flow starting from f . Assume that the following condi-
tions hold:
(i) (grad rt)x belongs to a common eigenspace of the family {R(·, ξ)ξ}ξ∈T⊥x B for
all (x, t) ∈ B× [0, T ), where rt is the radius function ofMt (i.e., Mt = exp⊥(trt(B))).
(ii) grad rt = 0 and ∇grad rt = 0 hold along ∂B, where ∇ is the Riemannian
connection of the induced metric on B for all t ∈ [0, T ).
Then Mt (t ∈ [0, T )) remain to be tubes over B such that the volume of the closed
domain surrounded by Mt and P is equal to Vol(D).
Remark 1.1. (i) At least one of singular orbits of any Hermann action of cohomo-
geneity one on any rank l(≥ 2) symmetric spaceM of compact type or non-compact
type is a reflective submanifold whose normal umbrellas are rank one symmetric
spaces and tubes of constant radius over the reflective singular orbit satisfy the
above conditions (E-i), (E-ii) and (E-iii) (i.e., of constant mean curvature). Note
that, when M is of compact type, the Hermann action has exactly two singular
orbits and, when M is of non-compact type, the Hermann action has the only one
singular orbit. Hermann actions of cohomogeneity one on irreducible symmetric
spaces of compact type or non-compact type are classified in [BT].
(ii) See Section 7 about examples of a reflective F of a symmetric space M
admitting a non-trivial common eigenspace of the family {R(·, ξ)ξ}ξ∈T⊥xF .
(iii) At least one of singular orbits of any Hermann action of cohomogeneity
greater than one on any symmetric space M of compact type or non-compact type
is a reflective submanifold but tubes of constant radius over the reflective singular
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orbit do not satisfy the above conditions (E-i), (E-ii) and (E-iii) (i.e., not of constant
mean curvature).
From Theorem A, we can derive the following results.
Corollary B. Let F be either a Helgason sphere (which is a meridian) or the
corresponding polar of a rank one symmetric space M of compact type, and B and
f be as in the above setting. Assume that rt (0 ≤ t < T ) satisfy the boundary
condition (ii) in Theorem A. Then Mt (t ∈ [0, T )) remain to be tubes over B such
that the volume of the closed domain surrounded by Mt and P is equal to Vol(D).
See [CN] about the definitions of a polar and a meridian of a symmetric space.
Corollary C. Let F be the reflective submanifold in a rank one symmetric spaceM
of non-compact type given as a orbit of the dual action of a Hermann action having
a Helgason sphere or the corresponding polar of the compact dual symmetric space
M
∗
as an orbit, and B and f be as in the above setting. Assume that rt (0 ≤ t < T )
satisfy the boundary condition (ii) in Theorem A. Then Mt (t ∈ [0, T )) remain to
be tubes over B such that the volume of the closed domain surrounded by Mt and
P is equal to Vol(D).
Remark 1.2. If F is as in Corollaries B and C, then the condition (i) in Theorem A
automatically holds. In fact, R(·, ξ)ξ|TxF is then a constant-multiple of the identity
trnasformation of TxF for all x ∈ F and all ξ ∈ T⊥x F .
In the future, under the above setting, we want to derive the result similar to
the statement (ii) of Facts 1 and 2. For its purpose, we must show the uniformly
boundedness of the norms of the i-th covariant derivatitves ∇iAt (i ∈ N∪{0}) of the
shape operator At of ft (see the proofs of Theorems 16 and 17 of [CM3] in detail).
However, we will need further long and delicate discussions as in Sections 6 and 7
(Page 198-202) of [CM3] to show their uniformly boundedness.
2 The mean curvature of a tube over a reflective sub-
manifold
In this section, we shall calculate the mean curvature of a tube over a reflective
submanifold in a symmetric space of compact type or non-compact type. Let M =
G/K be a symmetric space of compact type or non-compact type, where G is the
identity component of the isometry group of M and K is the isotropy group of G at
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some point p0 of M . Let F be a reflective submanifold in M such that the nomal
umblleras Σx’s (x ∈ F ) are symmetric spaces of rank one. Denote by g and k the
Lie algebras of G and K, respectively. Also, let θ be the Cartan involution of g
with (Fix θ)0 ⊂ K ⊂ Fix θ and set p := Ker(θ + id), which is identified with the
tangent space of Tp0M of M at p0. Without loss of generality, we may assume that
p0 belongs to F . Set p
′ := Tp0F and p′
⊥ := T⊥p0F . Take a maximal abelian subspace
b of p′⊥ and a maximal abelian subspace a of p including b. Note that the dimension
of b is equal to 1 because the normal umbrellas of F is symmetric spaces of rank
one by the assumption. For each α ∈ a∗ and β ∈ b∗, we define a subspace pα and
pβ of p by
pα := {Y ∈ p | ad(X)2(Y ) = −εα(X)2Y for all X ∈ a}
and
pβ := {Y ∈ p | ad(X)2(Y ) = −εβ(X)2Y for all X ∈ b},
respectively, where ad is the adjoint representation of g, a∗ (resp. b∗) is the dual
space of a (resp. b) and ε is given by
ε :=
{
1 (when M is of compact type)
−1 (when M is of non− compact type).
Define a subset △ of a∗ by
△ := {α ∈ a∗ | pα 6= {0}},
and subsets △′ and △′V of b∗ by
△′ := {β ∈ b∗ | pβ 6= {0}}
and
△′V := {β ∈ b∗ | pβ ∩ p′⊥ 6= {0}}.
The systems △ and △′V are root systems and △′ = {α|b |α ∈ △} holds. Let △+
(resp. (△′V )+) be the positive root system of △ (resp. △′V ) with respect to some
lexicographic ordering of a∗ (resp. b∗) and △′+ be the positive subsystem of △′ with
respect to the lexicographic ordering of b∗, where we take one compatible with the
lexicographic ordering of b∗ as the lexicographic ordering of a∗. Also we have the
following root space decomposition:
p = a+
∑
α∈△+
pα = zp(b) +
∑
β∈△′+
pβ ,
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where zp(b) is the centralizer of b in p. For convenience, we set p0 := zp(b). Since
the normal umbrellas of F are symmetric spaces of rank one, dim b = 1 and this
root system △′V is of (a1)-type or (bd1)-type. Hence (△′V )+ is described as
(△′V )+ =
{ {β} (△′V : (a1)−type)
{β, 2β} (△′V : (bd1)−type)
for some β(6= 0) ∈ b∗. However, in general, we may describe as (△′V )+ = {β, 2β} by
interpretting as p2β = {0} when △′V is of (a1). The system △′+ is described as
△′+ = {kβ | k ∈ K}
for some finite subset K of R+. Set b := |β(X0)| for a unit vector X0 of b. Since
F is curvature-adapted, p′ and p′⊥ are ad(X)2-invariant for each X ∈ b. Hence we
have the following direct sum decompositions:
p′ = p0 ∩ p′ +
∑
k∈K
(pkβ ∩ p′)
and
(p′)⊥ = b+
2∑
k=1
(pkβ ∩ (p′)⊥).
For each p ∈ M , we choose a shortest geodesic γp0p : [0, 1] → M with γp0p(0) = p0
and γp0p(1) = p, where the choice of γp0p is not unique in the case where p belongs to
the cut locus of p0. Denote by τp the parallel translation along γp0p. For w ∈ TpM ,
we define linear transformations Dcow and D
si
w of TpM by
Dcow := τp ◦ cos(iad(τ−1p w)) ◦ τ−1p
and
Dsiw := τp∗ ◦
sin(iad(τ−1p w))
iad(τ−1p w)
◦ τ−1p ,
respectively, where i is the imaginary unit. Let r be a positive-valued function over
F and B a compact closed domain in F Set M := tr(B) and f := exp
⊥ |tr(B).
Assume that f is an embedding. Denote by N the outward unit normal vector
field of M and A the shape operator of M with respect to −N . Fix x ∈ B and
ξ ∈M ∩T⊥x B. Without loss of generality, we may assume that τ−1x ξ ∈ b. Denote by
γξ the normal geodesic of B whose initial vector is equal to ξ and Pγξ the parallel
translation along γξ|[0,1]. The vertical subspace Vξ and the horizontal subspace Hξ
at ξ are defined by Vξ := Tξ(M ∩ T⊥x B) and Hξ := {X˜ξ |X ∈ TxB}, respectively,
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where X˜ξ is the natural lift of X to ξ (see [Ko1] about the definition of the natural
lift). Take v ∈ Vξ with (Pγξ ◦ τ−1x (v) ∈ pkβ and X ∈ TxB with τ−1x X ∈ pkβ, where
k ∈ K ∪ {0}. According to (i) of Theorem A in [Ko1], we have
(2.1)
Av =
1√
1 + ||(Dcoξ )−1(grad r)x||2
×
( √
εkb
tan(
√
εkbr(x))
v + ((Pγξ ◦ τx)(Zv(1)))T
)
,
where grad r is the gradient vector field of r (with respect to the induced metric on
B), (·)T is the TM -component of (·),
√
ε is given by
√
ε :=
{
1 (when M is of compact type)
i (when M is of non− compact type)
and Zv(: R→ p) is the solution of the following differential equation:
(2.2)
Z ′′(s) = ad(a−1∗ ξ)
2(Z(s))− 2 cos
2(s
√
εkbr(x))
cos2(
√
εkbr(x))
[[τx−1ξ, τ−1x grad r], τ−1x v0]
+2 tan2(
√
εkbr(x))[[τ−1x ξ, τ
−1
x v0], τ
−1
x grad r]
satisfying the following initial condition:
(2.3) Z(0) = τ−1x (((D
co)−2)∗ξv)(grad r)x),
and
(2.4) Z ′(0) = 0,
where v0 is the element of T
⊥
x B corresponding to v under the identification of
Tξ(T
⊥
x B) and T
⊥
x B, ((D
co)−2)∗ξ is the differential of (Dco)−2 at ξ (which is re-
garded as a map from T⊥x B to T ∗xB ⊗ TxB) and ((Dco)−2)∗ξv is regarded as an
element of T ∗xB⊗ TxB under the natural identification of T(Dcoξ )−2(T ∗xB⊗ TxB) and
T ∗xB ⊗ TxB. According to (ii) of Theorem A in [Ko1], we have
(2.5)
AX˜ξ = −
√
εkb tan(
√
εkbr(x))√
1 + ||(Dcoξ )−1(grad r)x||2
X˜ξ
+
(Xr)
√
εkb tan(
√
εkbr(x))
(1 + ||(Dcoξ )−1(grad r)x||2)3/2
˜((Dcoξ )
−2(grad r)x)ξ
− 1
1 + ||(Dcoξ )−1(grad r)x||2
((Pγξ ◦ τx)(ZX,ξ(1)))T ,
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where ZX,ξ(: R→ p) is the solution of the following differential equation:
(2.6)
Z ′′(s) = ad(τ−1x ξ)
2(Z(s)) +
2Xr
r(x)
ad(τ−1x ξ)
2(τ−1x ((D
co
sξ ◦ (Dcoξ )−2)((grad r)x)))
−2
[
[τ−1x ξ, τ
−1
x ((D
co
sξ ◦ (Dcoξ )−2)((grad r)x))], τ−1x
dDcosξ
ds
X
]
−2
[
[τ−1x ξ, τ
−1
x ((D
co
sξX)], τ
−1
x
(
dDcosξ
ds
◦ (Dcoξ )−2
)
((grad r)x)
]
satisfying the following initial condition:
(2.7) Z(0) = τ−1x ∇pi|MX˜ξ ((D
co
· )
−2(grad r)x)
and
(2.8) Z ′(0) = −[[τ−1x ξ, τ−1x X], τ−1x (Dcoξ )−2(grad r)x],
where ∇pi|M is the covariant derivative along pi|M induced from the Riemannian con-
nection ∇ of the induced metric on F . Here we give the table of the correspondence
between the above notations and the notations in [Ko1].
The notation in [Ko1] The notations in this paper Remark
M B
ε r
tε(M) M(= tr(B))
AεE A
Bξ D
co
ξ by the reflectivity of F
g∗ τx
µ(g−1∗ ξ)
√
εkbr(x)
Table 1.
Denote by (·)k the τx(pkβ)-component of (·) ∈ TxB, where k ∈ K ∪ {0}. Then
we have
(2.9) (Dcoξ )
−j((grad r)x) =
∑
k∈K∪{0}
1
cosj(
√
εkbr(x))
((grad r)x)k (j = 1, 2)
and
(2.10) ((Dco)−2∗ξ (v))((grad r)x) =
∑
k∈K∪{0}
2
√
εkbr(x) sin(
√
εkbr(x))
cos3(
√
εkbr(x))
((grad r)x)k.
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Since F is reflective, it is an orbit of a Hermann action (i.e., the action of a symmetric
subgroup of G) and hence it is homogeneous. Let c : I → B be the (homogeneous)
geodesic in B with c′(0) = X and ξ̂ the normal vector field of B along c such
that ξ̂(0) = ξ, ξ̂||ξ̂|| is parallel (with respect to the normal connection) and that
||ξ̂(t)|| = r(pi(c(t))) for all t in the domain of ξ̂. This curve ξ̂ is regarded as a
curve in M with ξ˜′(0) = X˜ξ. Since c is a homogeneous curve, it is described as
c(t) = â(t)x (t ∈ I) for some curve â : I → G. Then, since ξ̂||ξ̂|| is parallel and F
is a submanifold with section (i.e., with Lie triple systematic normal bundle in the
sense of [K1]) by the reflectivity of F , we can show
(2.11) Span{ξ̂(t)} = â(t)∗(Span{ξ})(= (â(t)∗ ◦ τx)(b) (t ∈ I)
(see Theorem 5.5.12 of [PT]) and
(2.12) Tc(t)B =
∑
k∈K∪{0}
(Tc(t)B ∩ (â(t)∗ ◦ τx)(pkβ)).
Denote by (·)k the (â(t)∗ ◦ τx)(pkβ)-component of (·) ∈ Tc(t)B. Then we can show
(2.13)
∇pi|M
X˜ξ
((Dco· )
−2grad r) =
∇
dt
∣∣∣∣
t=0
(Dco
ξ̂(t)
)−2((grad r)c(t))
=
∑
k∈K∪{0}
(
∇
dt
∣∣∣∣
t=0
(
1
cos2(
√
εkβ((â(t)∗ ◦ τx)−1(ξ̂(t))))
((grad r)c(t))k
))
=
∑
k∈K∪{0}
(∇
dt
∣∣∣∣
t=0
(
1
cos2(
√
εkbr(c(t)))
((grad r)c(t))k
))
=
∑
k∈K∪{0}
(
2(Xr)
√
εkb sin(
√
εkbr(x))
cos3(
√
εkbr(x))
((grad r)x)k
+
1
cos2(
√
εkbr(x))
∇
dt
∣∣∣∣
t=0
((grad r)c(t))k
)
,
where ∇dt is the covariant derivative along c with respect to ∇. Since F is a subman-
ifold with section, we have
(2.14) [[p′, p′⊥], p′⊥] ⊂ p′, [[p′⊥, p′⊥], p′] ⊂ p′ and [[p′⊥, p′], p′] ⊂ p′⊥.
Hence, since Zv satisfies (2.2), we have
Z ′′v (s) ≡ ad(τ−1x ξ)2Zv(s) (mod p′)
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Also, since Zv satisfies (2.3), it follows from (2.10) that Zv(0) ≡ 0 (mod p′). Fur-
thermore, since Zv satisfies (2.4), we have Z
′
v(0) = 0. Hence we can show Zv(s) ≡
0 (mod p′). Therefore, form (2.1), we obtain
(2.15) Av ≡
√
εkb
tan(
√
εkbr(x))
√
1 + ||(Dcoξ )−1((grad r)x)||2
v (mod p′).
On the other hand, since ZX,ξ satisfies (2.6), it follows from the third relation in
(2.14) that
(2.16)
Z ′′X,ξ(s) ≡ ad(τ−1x ξ)2ZX,ξ(s)
+
2Xr
r(x)
ad(τ−1x ξ)
2(τ−1x ((D
co
sξ ◦ (Dcoξ )−2)((grad r)x)))
(mod p′⊥).
For simplicity, set
YX,ξ(s) :=
2Xr
r(x)
ad(τ−1x ξ)
2(τ−1x ((D
co
sξ ◦ (Dcoξ )−2)((grad r)x))).
Also, since ZX,ξ satisfies (2.7), it follows from (2.13) that
(2.17) ZX,ξ(0) = τ
−1
x ∇pi|MX˜ξ ((D
co
· )
−2grad r) ∈ p′.
Furthermore, since Z ′X,ξ(0) satisfies (2.8), it follows from the third relation in (2.14)
that
(2.18) Z ′X,ξ(0) ≡ 0 (mod p′⊥).
For each k ∈ K ∪ {0}, define (ZX,ξ)k : R → pkβ by (ZX,ξ)k(s) := ZX,ξ(s)k (s ∈ R).
From (2.16), (2.17) and (2.18), we can derive
(2.19)
(ZX,ξ)k(s) ≡ cos(s
√
εkbr(x))τ−1x ∇pi|MX˜ξ ((D
co
· )
−2(grad r)k)
+
(
cos(s
√
εkbr(x))− 1
(
√
εkbr(x))2
+
sin(s
√
εkbr(x))
(
√
εkbr(x))3
)
(YX,ξ(s))k
(mod p′⊥)
On the other hand, according to Lemma 3.3 in [Ko1], we have
(2.20)
((Pγξ ◦ a∗p0)(ZX,ξ(1)))T = ˜((Dcoξ )−1(a∗p0ZX,ξ(1)))ξ
− ((D
co
ξ )
−1(a∗p0ZX,ξ(1)))r
1 + ||(Dcoξ )−1(grad r)x||2
˜((Dcoξ )
−2(grad r)x)ξ.
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Also, according to (1.1) and (1.2) in [Ko1], we have
(2.21)
exp⊥∗ (X˜ξ) = Jξ,X(1) +
Xr
r(x)
γ′ξ(1) = Pγξ(D
co
ξ (X)) +
Xr
r(x)
γ′ξ(1)
= cos(
√
εkbr(x))Pγξ (X) +
Xr
r(x)
γ′ξ(1),
where Jξ,X is the Jacobi field along γξ with Jξ,X(0) = X and J
′
ξ,X(0) = 0. From
(2.5), (2.19), (2.20) and (2.21), we can derive
(2.22)
AX˜ξ ≡ 1
(||X||2 cos2(√εkbr(x)) + (Xr)2)
√
1 + ||(Dcoξ )−1(grad r)x||2
× (||X||2√εkb sin(√εkbr(x)) cos(√εkbr(x))
+
(
cos(
√
εkbr(x))− 1 + sin(
√
εkbr(x))√
εkbr(x)
)
2(Xr)2
r(x)
+2(Xr)2
√
εkb tan(
√
εkbr(x)) + 〈∇Xgrad r,X〉
)
X˜ξ
(modT⊥x Span{X˜ξ})
Set mV := dimV, mH := dimH, mVk := dim(pkβ ∩ p′⊥) and mHk := dim(pkβ ∩ p′)
(k = 0, 1, 2).
Assumption. Assume that τ−1x ((grad r)x) ∈ pk0β ∩ p′ for some k0 ∈ {0, 1, 2}.
SetWk := pkβ∩p′ (k 6= k0) andWk0 := (pk0β∩p′)⊖Span{(grad r)x}. For a subspace
W of Hξ, we define W˜ξ by W˜ξ := {X˜ξ |X ∈W}.
According to (2.15) and (2.22), we can show the following fact.
Proposition 2.1. Under the above assumption, the mean curvature Hξ of M at ξ
13
is given by
(2.23)
Hξ =
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
 ∑
k∈K∪{0}
1
cos2(
√
εkbr(x))
Tr(prWk ◦ (∇grad r)x|Wk)
+
g¯(∇(grad r)xgrad r, (grad r)x)
||(grad r)x||2(cos2(
√
εk0br(x)) + ||(grad r)x||2)
+
2∑
k=0
mVk
√
εkb
tan(
√
εkbr(x))
+
∑
k∈K\{k0}
mHk
√
εkb tan(
√
εkbr(x))
+(mHk0 − 1)
√
εk0b tan(
√
εk0br(x)) +
1
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
{
2
(
cos(
√
εk0br(x))− 1 + sin(
√
εk0br(x))√
εk0br(x)
) ||(grad r)x||2
r(x)
+
√
εk0b sin(
√
εk0br(x)) cos(
√
εk0br(x))
+2||(grad r)x||2
√
εk0b tan(
√
εk0br(x))
}}
.
Proof. From (2.15), we have
(2.24) Tr(A|Vξ) =
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
2∑
k=0
mVk
√
εkb
tan(
√
εkbr(x))
,
where
√
εkb
tan(
√
εkbr(x))
means 1r(x) in case of k = 0. According to (2.21), the horizontal
subspace Hξ is orthogonally decomposed as
(2.25) Hξ =
(
⊕
k∈K∪{0}
(˜Wk)ξ
)
⊕ Span{(grad r)x}.
From (2.22), we have
Tr(A|
(˜Wk)ξ
) =
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
(
mHk
√
εkb tan(
√
εkbr(x)) +
Tr(prWk ◦ (∇grad r)x|Wk)
cos2(
√
εkbr(x))
)
(k 6= k0),
Tr(A|
(˜Wk0 )ξ
) =
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
(
(mHk0 − 1)
√
εk0b tan(
√
εk0br(x)) +
Tr(prWk0
◦ (∇grad r)x|Wk0 )
cos2(
√
εk0br(x))
)
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and
A ˜((grad r)x)ξ ≡
cos(
√
εk0br(x))
(cos2(
√
εk0br(x)) + ||(grad r)x||2)
√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
(
2
(
cos(
√
εk0br(x))− 1 + sin(
√
εk0br(x))√
εk0br(x)
) ||(grad r)x||2
r(x)
+
√
εk0b sin(
√
εk0br(x)) cos(
√
εk0br(x))
+2||(grad r)x||2
√
εk0b tan(
√
εk0br(x))
+
1
||(grad r)x||2 g¯(∇(grad r)xgrad r, (grad r)x)
)
˜((grad r)x)ξ
(modT⊥x Span{ ˜((grad r)x)ξ}).
From (2.24) and these relations, we obtain the desired relation. q.e.d.
3 The volume element of a tube over a reflective sub-
manifold
We shall use the notations in Introduction and the previous section. In this section,
we shall calculate the volume element of M . First we recall the description of the
Jacobi field in a symmetric space M of non-compact type. The Jacobi field J along
the geodesic γ in M is described as
(3.1) J(t) = Pγ|[0,t]
(
Dcotγ′(0)(J(0)) + tD
si
tγ′(0)(J
′(0))
)
.
Assumption. (grad r)x belongs to a common eigenspace of the family {R(·, ξ)ξ}ξ∈T⊥x B
for all x ∈ B.
Fix ξ ∈M ∩T⊥x B and X ∈ TxB. Without loss of generality, we may assume that
τ−1x ξ ∈ b. By the above assumption, we have τ−1x ((grad r)x) ∈ pk0β ∩ p′ for some
k0 ∈ K∪{0}. Let S˜(x, r(x)) be the hypersphere of radius r(x) in T⊥x B centered the
origin and S(x, r(x)) the geodesic hypersphere of radius r(x) in F⊥x := exp⊥(T⊥x B)
centered x. Denote by dv(·) the volume element of the induced metric on (·). Take
v ∈ TξS˜(x, r(x)). Then, according to (3.1), we have
(3.2) exp⊥∗ (v) = Jξ,v(1) = Pγξ(D
si
ξ (v)),
where Jξ,v is the Jacobi field along γξ with Jξ,v(0) = 0 and J
′
ξ,v(0) = v. Define a
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function ψr over B by
(3.3)
ψr(x) :=
(
2
Π
k=0
(
sin(
√
εkbr(x))√
εkbr(x)
)mV
k
)(
Π
k∈K\{k0}
cosm
H
k (
√
εkbr(x))
)
× cosmHk0−1(√εk0br(x))
√
cos2(
√
εk0br(x)) + ||(grad r)x||2.
From (2.21) and (3.2), we can derive the following relation for the volume element
of M .
Proposition 3.1. The volume element dvM is given by
(3.4) (dvM )ξ = ψr(x)
(
((exp⊥ |S˜(x,r(x)))−1)∗dvS˜(x,r(x)) ∧ (pi|M )∗dvB
)
,
where ξ ∈M ∩ T⊥x B.
From (3.4), we can derive the following relation for the volume of M .
Proposition 3.2. The volume Vol(M) of M and the average mean curvature H of
M are given by
(3.5) Vol(M) = vmV
∫
B
rm
V
ψrdvB
and
(3.6) H =
∫
B r
mV ρrψrdvB∫
B r
mV ψrdvB
,
respectively, where vmV is the volume of the m
V -dimensional Euclidean unit sphere
and ρr is the function over B defined by assigning the value of the right-hand side
of (2.23) to each x ∈ B.
4 The evolution of the radius function
Let F, B, M = tr0(B), f and ft be as in Theorem A. We use the notations in
Introduction and Sections 1-2. Denote by S⊥B the unit normal bundle of of B and
S⊥x B the fibre of this bundle over x ∈ B. Define a positive-valued function r̂t :M →
R (t ∈ [0, T )) and a map w1t : M → S⊥B (t ∈ [0, T )) by ft(ξ) = exp⊥(r̂t(ξ)w1t (ξ))
(ξ ∈ M). Also, define a map ct : M → B by ct(ξ) := pi(w1t (ξ)) (ξ ∈ M) and a map
wt : M → T⊥B (t ∈ [0, T )) by wt(ξ) := r̂t(ξ)w1t (ξ) (ξ ∈ M). Here we note that ct
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is surjective by the boundary condition in Theorem A, r̂0(ξ) = r0(pi(ξ)) and that
c0(ξ) = pi(ξ) (ξ ∈ M). Define a function r¯t over B by r¯t(x) := r̂t(ξ) (x ∈ B) and
a map c¯t : B → B by c¯t(x) := ct(ξ) (x ∈ B), where ξ is an arbitrary element of
M ∩ S⊥x B. It is clear that they are well-defined. This map c¯t is not necessarily a
diffeomorphism. In particular, if c¯t is a diffeomorphism, thenMt := ft(M) is equal to
the tube exp⊥(trt(B)), where rt := r¯t ◦ c¯−1t . It is easy to show that, if ct(ξ1) = ct(ξ2),
then r̂t(ξ1) = r̂t(ξ2) and pi(ξ1) = pi(ξ2) hold. Also, let a :M×[0, T )→ G be a smooth
map with a(ξ, t)p0 = ct(ξ) (ξ, t) ∈M×[0, T ). In this section, we shall investigate the
evolutions of the function rt and c¯t. Define f˜ : M × [0, T ) → M, r : B × [0, T ) →
R, w1 : M × [0, T ) → M and c : M × [0, T ) → B by f˜(ξ, t) := ft(ξ), r(x, t) :=
rt(x), w
1(ξ, t) := w1t (ξ), w(ξ, t) := wt(ξ) and c(ξ, t) := ct(ξ), respectively, where
ξ ∈ M,x ∈ B and t ∈ [0, T ). Fix (ξ0, t0) ∈ M × [0, T ) and set x0 := pi(ξ0). Clearly
we have
(4.1) f˜∗
(
∂
∂t
)
(ξ0,t0)
=
d
dt
∣∣∣∣
t=t0
f˜(ξ0, t) =
d
dt
∣∣∣∣
t=t0
exp⊥(w(ξ0, t)).
f(ξ)
ft(ξ)
c0(ξ) = c¯0(x) = x
ct(ξ) = c¯t(x)
B
ft(M)
f(M)
wt(ξ)
w0(ξ) = ξ
Figure 2.
Let J be the Jacobi field along the geodesic γw(ξ0,t0) (of direction w(ξ0, t0)) with
J(0) = c∗
(
∂
∂t
)
(ξ0,t0)
and J ′(0) =
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·), where ∇
∂t
is the covariant deriva-
tive along the curve s 7→ c(ξ0, s) with respect to the Riemannian connection ∇ of
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M . This Jacobi field J is described as
J(s) = Pγw(ξ0 ,t0)|[0,s]
(
Dcosw(ξ0,t0)
(
c∗
(
∂
∂t
)
(ξ0,t0)
))
+Pγw(ξ0,t0)|[0,s]
(
sDsisw(ξ0,t0)
(
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·)
))
.
According to (4.1), we have
(4.2)
f˜∗
(
∂
∂t
)
(ξ0,t0)
= J(1)
= Pγw(ξ0,t0)|[0,1]
(
Dcow(ξ0,t0)
(
c∗
(
∂
∂t
)
(ξ0,t0)
))
+Pγw(ξ0,t0)|[0,1]
(
Dsiw(ξ0,t0)
(
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·)
))
.
On the other hand, we have
(4.3)
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·)
=
dr̂(ξ0, t)
dt
∣∣∣∣
t=t0
w1(ξ0, t0) + r̂(ξ0, t0)
∇
∂t
∣∣∣∣
t=t0
w1(ξ0, t).
From (4.2) and (4.3), we have
(4.4)
f˜∗
(
∂
∂t
)
(ξ0,t0)
≡ dr̂(ξ0, t)
dt
∣∣∣∣
t=t0
Pγw(ξ0 ,t0)|[0,1](w
1(ξ0, t0))
(mod Span{Pγw(ξ0 ,t0)|[0,1](w
1(ξ0, t0))}⊥).
Notation. Set
T1 := sup{t′ ∈ [0, T ) | Mt := ft(M) (0 ≤ t ≤ t′) : tubes over B}.
(Note that c¯t (0 ≤ t < T1) are diffeomorphisms.)
Assume that t0 < T1. According to Lemma 3.2 in [Ko1], we have
(4.5)
N(ξ0,t0) ≡
1√
1 + ||(Dcow(ξ0,t0))−1(grad rt0)c(ξ0,t0)||2
Pγw(ξ0,t0)|[0,1](w
1(ξ0, t0))
(mod Span{Pγw˜(ξ0,t0)|[0,1](w
1(ξ0, t0))}⊥).
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Hence, from (0.1), (0.2), (2.23) and (3.5), we obtain the following relation
(4.6)
f˜∗
(
∂
∂t
)
(ξ0,t0)
≡
∫
B
rm
V
t0
ρrt0
ψrt0
dvB∫
B
rm
V
t0
ψrt0
dvB
− ρrt0 (c(ξ0, t0))√
1 + ||(Dcow(ξ0,t0))−1(grad rt0)c(ξ0,t0)||2
×Pγw(ξ0,t0)|[0,1](w
1(ξ0, t0))
(mod Span{Pγw(ξ0 ,t0)|[0,1](w
1(ξ0, t0))}⊥),
where m′ = codimF . According to the condition (i) in Theorem A, we have
τ−1c(ξ,t)((gradrt)c(ξ,t)) ∈ pk0β for some k0 ∈ K ∪ {0}. From (4.4), (4.6) and the ar-
bitrariness of (ξ0, t0), we can derive the following relation:
(4.7)
∂r̂
∂t
(ξ, t) =
∫
B
rm
V
t ρrtψrtdvB∫
B
rm
V
t ψrtdvB
− ρrt(c(ξ, t))√
1 + ||(Dcow(ξ,t))−1(grad rt)c(ξ,t)||2
=
cos(
√
εk0br̂(ξ, t))√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
×
(∫
B r
mV
t ρrtψrtdvB∫
B r
mV
t ψrtdvB
− ρrt(c(ξ, t))
)
((ξ, t) ∈M × [0, T1)).
Next we shall calculate
∂c
∂t
. Denote by Dt the closed domain surrounded by P and
Mt, and D˜ the maximal domain in T
⊥B containing the 0-section such that exp⊥ |
D˜
is a diffeomorphism into M . From ct(ξ) = (pi ◦ (exp⊥ |D˜)−1)(ft(ξ)), we have
(4.8)
∂c
∂t
(ξ, t) = (pi ◦ (exp⊥ |
D˜
)−1)∗
(
dft(ξ)
dt
)
= (H¯t −H(ξ,t))(pi ◦ (exp⊥ |D˜)−1)∗(N(ξ,t)).
On the other hand, we have
(4.9)
N(ξ,t) =
Pγw(ξ,t)(w
1(ξ, t)− (Dcow(ξ,t))−1(grad rt)c(ξ,t))√
1 + ||(Dcow(ξ,t))−1(grad rt)c(ξ,t)||2
=
Pγw(ξ,t)(cos(
√
εk0br̂(ξ, t))w
1(ξ, t)− (grad rt)c(ξ,t))√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
by Lemma 3.2 in [Ko1]. Let s 7→ J(s) (0 ≤ s <∞) be the Jacobi field along γw1(ξ,t)
with J(0) = (grad rt)c(ξ,t) and J
′(0) = 0. Then we have
(pi ◦ (exp⊥ |
D˜
)−1)∗(J(s)) = J(0) = (grad rt)c(ξ,t).
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On the other hand, according to (3.1), J(s) is described as
J(s) = Pγ
w1(ξ,t)|[0,s](D
co
sw1(ξ,t)((grad rt)c(ξ,t)))
= cos(
√
εk0bs)Pγ
w1(ξ,t)|[0,s]((grad rt)c(ξ,t)),
where we use τ−1c(ξ,t)((grad rt)c(ξ,t)) ∈ pk0β. Therefore we obtain
(pi ◦ (exp⊥ |D˜)−1)∗(Pγw1(ξ,t)|[0,s]((grad rt)c(ξ,t))) =
1
cos(
√
εk0bs)
(grad rt)c(ξ,t).
Also, it is clear that (pi ◦ (exp⊥ |
D˜
)−1)∗
(
Pγw(ξ,t) |[0,s](w
1(ξ, t))
)
= 0. Therefore we
obtain
(4.10)
(pi ◦ (exp⊥ |D˜)−1)∗(N(ξ,t))
= − (grad rt)c(ξ,t)
cos(
√
εk0br̂(ξ, t))
√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
.
From (2.23), (3.5), (4.8) and (4.10), we can derive
(4.11)
∂c
∂t
(ξ, t)
=
ρrt(c(ξ, t)) −
∫
B
rm
V
t ρrtψrtdvF∫
B
rm
V
t ψrtdvF
cos(
√
εk0br̂(ξ, t))
√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
(grad rt)c(ξ,t).
Next we shall calculate the Laplacian △t r̂t of r̂t with respect to the metric gt on
M induced by ft. Let Ht be the horizontal distribution on trt(B) and Ĥt be the
distribution M with ft∗(Ĥt) = exp⊥∗ (Ht). Also, let Vt be the vertical distribution
on trt(B). Note that ft∗(V0) = exp⊥∗ (Vt). For X ∈ Tct(ξ)B, denote by X˜twt(ξ)
the natural lift of X to wt(ξ) ∈ trt(B) and let X˜tξ be the element of TξM with
ft∗(X˜tξ) = exp
⊥∗ (X˜twt(ξ)). Note that {X˜tξ |X ∈ Tct(ξ)B} = Ĥtξ. Denote by ∇ the
Riemannian connection of gB . Fix x0 ∈ B and ξ0 ∈ S⊥x0B. Let (e1 · · · emH ) be an
orthonormal tangent frame of B at c¯t(x0) = ct(ξ0) and γi the geodesic in B with
γ′i(0) = ei, where we take e1 as e1 = (grad rt)c¯t(x0)/||(grad rt)c¯t(x0)|| in the case of
(grad rt)c¯t(x0) 6= 0. Since τ−1c(ξ,t)(e1) ∈ pk0β, we may assume that τ−1c(ξ,t)(ei) ∈ pkiβ
for some ki ∈ K (i = 1, · · · ,mH). Note that k1 = k0. Also, let γ˜it be the natural
lift of γi to Mt starting from ft(ξ0). Note that (γ˜i
t)′(s) = ft∗(γ˜′i(s)
t
f−1t (γ˜
t
i (s))
). Set
(Eti )s :=
γ˜′i(s)
t
f−1t (γ˜
t
i
(s))
||γ˜′i(s)
t
f−1t (γ˜
t
i (s))
||t
(i = 1, · · · ,mH). Note that ((Et1)0, · · · (EtmH )0) is an
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orthonormal base of the horizontal subspace Ĥtξ0 with respect to (gt)ξ0 because we
take e1 as above.
f(ξ0)
ft(ξ0)
x0
ct(ξ0) = c¯t(x0)
B
ft(M)
f(M)
wt(ξ0)
w0(ξ0) = ξ0
γi
γ˜ti
ei ft∗((Eti )s)
Figure 3.
Also, let {Et
mH+1
, · · · , Etn} be a local orthonormal frame field (with respect to gt)
of the vertical distribution V around ξ0. Since γ˜it is a pregeodesic in Mt, we have
(4.12) ∇tEtiE
t
i = 0 (i = 1, · · · ,mH).
Also, since r̂t is constant along Mt ∩ F⊥x for each x ∈ B, we have
(4.13) Eti r̂t = 0 (i = m
H + 1, · · · , n)
From (4.12) and (4.13), we have
(4.14) (△tr̂t)ξ0 =
n∑
i=1
∇tEti (0)∇
t
Eti (0)
r̂t =
mH∑
i=1
(Eti )(0)(E
t
i r̂t).
Also we have (△rt)ft(ξ0) =
mH∑
i=1
ei(γ
′
irt). By using (2.21), we can show
(4.15)
(Eti )(0)(E
t
i r̂t) =
ei(γ
′
irt)
||(γ˜it)′(0)||2
=
ei(γ
′
irt)
cos2(
√
εkibrt(ct(ξ0))) + (eirt)2
.
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Let (t, s) 7→ ξit,s be the smooth curve in M such that ft(ξit,s) = γ˜ti (s). By using (4.9),
we can show
(4.16)
γ′irt = −
√
1 + ||(Dco
w(ξit,s,t)
)−1(grad rt)c(ξit,s,t)||2
×〈Pγ
w(ξi
t,s
,t)
|[0,1](D
co
w(ξit,s,t)
(γ′i)), N〉.
Furthermore, since B is reflective, we can show
(4.17)
ei(γ
′
irt) = −
〈( ∇
ds
∣∣∣∣
s=0
Dcow(ξit,s,t)
)
(ei),D
co
w(ξ0,t)
(grad rt)c(ξ0,t)
〉
−
〈
Dcow(ξ0,t)ei,
( ∇
ds
∣∣∣∣
s=0
Dcow(ξit,s,t)
)
(grad rt)c(ξ0,t)
〉
.
For w1, w2 ∈ TpM , we define a linear transformation Qw1,w2 by
Qw1,w2 := τp ◦
 ∞∑
k=0
1
(2k)!
2k∑
j=1
(ad(w1)
j−1 ◦ ad(w2) ◦ (ad(w1)2k−j)
 ◦ τ−1p .
Then we have
(4.18)
∇
ds
∣∣∣∣
s=0
Dcow(ξit,s,t)
= Q
w(ξ0,t),
∇
ds
|s=0w(ξit,s,t)
.
On the other hand, since s 7→ w(ξ
i
t,s, t)
||w(ξit,s, t)||
is parallel with respect to the normal
connection of ft and F is reflective, it is parallel with respect to ∇. Hence we have
∇
ds
∣∣∣∣
s=0
w(ξit,s, t) =
eirt
rt(c(ξ0, t))
w(ξ0, t).
From this relation and (4.18), we can derive
∇
ds
∣∣∣∣
s=0
Dcow(ξit,s,t)
=
eirt
r̂(ξ0, t)
(Dsiw(ξ0,t) ◦ ad(w(ξ0, t))2).
From this relation, (4.17) and the arbitrariness of ξ0, we can derive
(4.19)
ei(γ
′
irt) = −
2(eirt)
r̂(ξ, t)
〈(Dcow(ξ,t) ◦Dsiw(ξ,t) ◦ ad(w(ξ, t))2)(grad rt)c(ξ,t), ei〉
=
{ −√εk0b sin(2√εk0br̂(ξ, t))||(grad rt)c(ξ,t)||2 (i = 1)
0 (i = 2, · · · ,mH)
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((ξ, t) ∈ M × [0, T1)). From (4.14), (4.15), (4.19) and the arbitrariness of ξ0, we
obtain
(4.20) (△tr̂t)(ξ) = −
||(grad rt)c(ξ,t)||2
√
εk0b sin(2
√
εk0br̂(ξ, t))
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
((ξ, t) ∈ M × [0, T1)). From (4.7) and (4.20), the following evolution equation is
derived.
Lemma 4.1. The radius functions rt’s satisfies the following evolution equation:
(4.21)
∂r̂
∂t
(ξ, t)− (△tr̂t)(ξ)
=
cos(
√
εk0br̂(ξ, t))√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
×
(∫
F r
mV
t ρrtψrtdvF∫
F r
mV
t ψrtdvF
− ρrt(c(ξ, t))
)
+
||(grad rt)c(ξ,t)||2
√
εk0b sin(2
√
εk0br̂(ξ, t))
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
((ξ, t) ∈M × [0, T1)).
Denote by gradtr̂t the gradient vector field of r̂t with respect to gt. Also, the
following relation holds between grad rt and gradtr̂t.
Lemma 4.2. The gradient vector (grad rt)c(ξ,t) is described as
(4.22)
(grad rt)c(ξ,t) =
1
cos(
√
εk0br̂(ξ, t))
{(P−1γw(ξ,t) ◦ ft∗)((gradtr̂t)ξ)
−||(grad rt)c(ξ,t)||
2
r̂(ξ, t)
w(ξ, t)}.
Also, the squared norm ||(grad rt)c(ξ,t)||2 is described as
(4.23)
||(grad rt)c(ξ,t)||2 =
1
2
{− cos2(√εk0br̂(ξ, t))
+
√
cos4(
√
εk0br̂(ξ, t)) + 4||(gradtr̂t)ξ||2t },
where || · ||t is the norm of (·) with respect to gt.
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Proof. Denote by (˜·)w(ξ,t) the natural lift of (·) to w(ξ, t) ∈ ft(M) = exp⊥(trt(B)).
It is clear that
ft∗((gradtr̂t)ξ) = exp
⊥
∗ ( ˜(grad rt)c(ξ,t))
t
w(ξ,t)
).
Hence it follows from (2.21) that
(4.24)
ft∗((gradtr̂t)ξ)
= Pγw(ξ,t)
(
Dcow(ξ,t)((grad rt)c(ξ,t)) +
||(grad rt)c(ξ,t)||2
r̂(ξ, t)
w(ξ, t)
)
= cos(
√
εk0br̂(ξ, t))Pγw(ξ,t) ((grad rt)c(ξ,t))
+
||(grad rt)c(ξ,t)||2
r̂(ξ, t)
Pγw(ξ,t)(w(ξ, t)).
From this relation, we can derive the first relation in this lemma. Furthermore,
by noticing g¯((grad rt)c(ξ,t), w(ξ, t)) = 0, we can derive the second relation in this
lemma from the first relation. q.e.d.
5 Uniformly boundedness of the radius function and the
average mean curvature
We use the notations in Introduction and Sections 1-4. Also, denote by gt the metric
induced from g¯ by ft and ∇t the levi-Civita connection of gt. In this section, we shall
show that the radius function r̂t and the average mean curvature Ht are uniformly
bounded. Denote by rcut the cut radius of the symmetirc space F
⊥
x , where we note
that rcut is independent of the choice of x ∈ F . Also, denote by pi⊥F the bundle
projection of the normal bundle T⊥F of F . Set
W˜ := {exp⊥(ξ) | ξ ∈ T⊥F s.t. ||ξ|| < rcut}
and let prF be the submersion of W onto F defined by prF (exp
⊥(ξ)) := pi⊥F (ξ),
where ξ ∈ W˜ . Let r˜ :M → R be the distance function from F , where we note that
r˜(exp⊥(ξ)) = ||ξ|| holds for ξ ∈ W˜ . Define a function ψ over [0, rcut] by
(5.1) ψ(s) :=
(
2
Π
k=0
(
sin(
√
εkbs)√
εkbs
)mV
k
)(
Π
k∈K∪{0}
cosm
H
k (
√
εkbs)
)
.
From (2.21) and (3.2), we can give the following explicit descriptions of the volume
element dvM of M and the volume Vol(Dt).
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Proposition 5.1. (i) The volume element dvM is given by
(5.2)
(dvM )p = (ψ ◦ r˜)(p)
(
((exp⊥ |S˜(prF (p),r˜(p)))
−1)∗dvS˜(prF (p),r˜(p))
)
p
∧(dr˜)p ∧ (pr∗FdvF )p (p ∈W )
(ii) The volume Vol(Dt) is given by
(5.3) Vol(Dt) = vmV
∫
p∈B
(∫ rt(p)
0
sm
V
ψ(s)ds
)
dvF .
Denote by expFx the exponential map of F at x and S˜
′(x, a) the hypersphere of
radius a in TxF centered the origin. Since B is star-shaped with respect to x0, B is
described as
B = {expFx0(zX) |X ∈ S˜′(x0, 1), 0 ≤ z ≤ rB(X)}
for some positive function rB over S˜′(x0, 1). Set rBmin := minX∈S˜′(x0,1) r
B(X) and
rBmax := maxX∈S˜′(x0,1) r
B(X). Since F is a symmetric space, we can define the
operators corresponding to Dcow and D
si
w (w ∈ TM) for each X ∈ TF . Deonte by
(DF )
co
X and (DF )
si
X the operators. Define a function ψ
F
min (resp. ψ
F
max) over R by
ψFmin(z) := minX∈S˜′(x0,1) det((DF )
si
zX) (resp. ψ
F
max(z) := maxX∈S˜′(x0,1) det((DF )
si
zX).
Then we can describe the volume element dvB of B and can extimate the volume
Vol(B) as follows.
Proposition 5.2. (i) The volume element dvB is given by
(5.4)
(dvB)expFx0(zX)
= det((DF )
si
zX)
(
((expFx0 |S˜′(x0,z))
−1)∗dv
S˜′(x0,z)
)
expFx0 (zX)
∧(dz˜)expFx0(zX)
for expFx0(zX) ∈ B, where z˜ is the distance function from x0 in F .
(ii) The volume Vol(B) is estimated as
(5.5) vmH−1
∫ rBmin
0
zm
H−1ψBmin(z)dz ≤ Vol(B) ≤ vmH−1
∫ rBmax
0
zm
H−1ψBmax(z)dz.
Proof. In similar to (3.2), we have
(5.6) (expFx0)∗(Y ) = PγzX ((DF )
si
zX(Y )),
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where X ∈ S˜′(x0, 1) and Y ∈ TzX S˜′(x0, z). From this relation, (5.4) follows directly.
The extimate (5.5) follows directly from (5.3). q.e.d.
Define a function δ : [0, rcut]→ R by δ(s) :=
∫ s
0
sm
V
ψ(s)ds. It is clear that δ is
increasing. Set
bt := δ
−1
(
Vol(Dt)
vmV Vol(B)
)
.
Denote by (rt)max (resp. (rt)min) the maximum (resp. the minimum) of rt. Then
we have
δ(bt)vmV Vol(B) = Vol(Dt) = vmV
∫
p∈B
(∫ rt(p)
0
sm
V
ψ(s)ds
)
dvF
≥ vmV Vol(B)δ((rt)min)
and hence δ(bt) ≥ δ((rt)min), that is, bt ≥ (rt)min. By using Proposition 3.2, we have
(5.7)
Vol(Mt) = vmV
∫
B
rm
V
t ψrtdvF
≥ vmV
∫
B
rm
V
t (ψ ◦ rt)dvF
≥ vmV vmH−1
∫ (rt)max
(rt)min
sm
V
ψ(s)ds
≥ vmV vmH−1(δ((rt)max)− δ(bt)),
where we use ψrt(x) ≥ ψ(rt(x)) (x ∈ B) and δ(bt) ≥ δ((rt)min). On the other hand,
since Vol(Dt) preserves invariantly along the volume-preserving mean curvature flow
and Vol(Mt) is decreasing along the flow, we have Vol(Dt) = Vol(D0) and Vol(Mt) ≤
Vol(M0). Hence we have
(rt)max ≤ δ−1
(
Vol(D0)
vmV Vol(B)
+
Vol(M0)
vmV vmH−1
)
.
That is, we obtain
(5.8) sup
(x,t)∈B×[0,T )
rt(x) < δ
−1
(
Vol(D0)
vmV Vol(B)
+
Vol(M0)
vmV vmH−1
)
.
Thus we obtain the following result.
Proposition 5.3. The family {rt}t∈[0,T ) of the radius functions is uniformly bounded.
In more detail, we have sup
t∈[0,T )
max
B
rt < rcut.
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For uniformly boundedness of the average mean curvatures |H|, we have the
following result.
Proposition 5.4. If 0 < a1 ≤ r̂t(x) ≤ a2 < rcut holds for all (x, t) ∈ M × [0, T0]
(T0 < T ), then max
t∈[0,T0]
|H t| ≤ C(a1, a2) holds for some constant C(a1, a2) depending
only on a1 and a2.
Proof. According to (3.6), we have
H =
∫
B r
mV ρrψrdvB∫
B r
mV ψrdvB
.
Also, according to (2.23), the function rm
V
ρrψr is described as
rm
V
ρrψr = △(η(r, ||grad r||2)) + rmV ψrη̂r
for some function η over R × [0,∞) and some function η̂r over B depending only
on r. Furthermore, we can show that |η̂r| ≤ C(a1, a2) for some positive constant
C(a1, a2) depending only on a1 and a2 if a1 ≤ r ≤ a2, where a1 and a2 are constants.
Hence, by using the divergence theorem, we can derive∫
B
rm
V
ρrψrdvB ≤
∫
B
△(η(r, ||grad r||2))dvB + C(a1, a2)
∫
B
rm
V
ψr dvB
= −
∫
∂B
d(η(r, ||grad r||2))(NB)dvB + C(a1, a2)
∫
B
rm
V
ψr dvB .
Since grad rt = 0 and∇grad rt = 0 hold along ∂B for all t ∈ [0, T ) by the assumption,
we see that NBrt = NB(||grad rt||2) = 0 holds for all t ∈ [0, T ). Hence we have∫
B
rm
V
ρrψrdvB ≤ C(a1, a2)
∫
B
rm
V
ψr dvB .
Therefore we obtain max
t∈[0,T0]
|Ht| ≤ C(a1, a2).
q.e.d.
6 Proof of Theorem A
We use the notations in Introduction and Sections 1-5. In this section, we shall prove
Theorem A. Let T1 be as in Section 4. Define a function ût :M → R (t ∈ [0, T )) by
ût(ξ) := g¯(N(ξ,t), Pγw(ξ,t) |[0,1](w
1(ξ, t))) (ξ ∈M)
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and a map v̂t : M → R by v̂t := 1ût (0 ≤ t < T1). Define a map û : M × [0, T ) →
R by û(ξ, t) := ût(ξ) ((ξ, t) ∈ M × [0, T )) and a map v̂ : M × [0, T ) → R by
v̂(ξ, t) := v̂t(ξ) ((ξ, t) ∈ M × [0, T )). Define a function u¯t (resp. v¯t) over B by
u¯t(x) := ût(ξ) (x ∈ B) (resp. v¯t(x) := v̂t(ξ) (x ∈ B), where ξ is an arbitrary
element of M ∩ S⊥x B. It is clear that these functions are well-defined. Set ut :=
u¯t ◦ c¯−1t and vt := v¯t ◦ c¯−1t . We have only to show inf(x,t)∈B×[0,T ) u(x, t) > 0, that
is, sup(x,t)∈B×[0,T ) v(x, t) <∞. In the sequel, assume that t < T1, where T1 is as in
Assumption of Section 4. From (4.9), we have
(6.1) ût(ξ) =
cos(
√
εk0br̂(ξ, t))√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
.
It is easy to show that the outward unit normal vector field Nt satisfies the following
evolution equation:
(6.2)
∂N
∂t
= ft∗(gradHt).
For simplicity, we set ŵ1(ξ, t) := Pγw(ξ,t) |[0,1](w
1(ξ, t)). We calculate ŵ1(ξ, t). Define
a map δ : [0, T1)× R→M by
δ(t, s) := expc(ξ,t)(sw
1(ξ, t)).
Then we have
∂δ
∂s
∣∣∣∣
s=r̂(ξ,t)
= ŵ1(ξ, t). For a fixed t ∈ [0, T1), Ŷt : s 7→
(
∂δ
∂t
)
(t, s) is
the Jacobi field along the geodesic γw1(ξ,t). Since Ŷt(0) =
(
∂c
∂t
)
(ξ, t) and
Ŷ ′t (0) =
(
∇δ∂
∂s
∂δ
∂t
)∣∣∣∣
s=0
=
(
∇δ∂
∂t
∂δ
∂s
)∣∣∣∣
s=0
= ∇δ∂
∂t
w1(ξ, t) = ∇⊥B
Ŷt(0)
w1(·, t)
by the reflectivity of F , it follows from (3.1) that
Ŷt(s) = Pγ
w1(ξ,t)|[0,s]
(
Dcosw1(ξ,t)
((
∂c
∂t
)
(ξ, t)
)
+ sDsisw1(ξ,t)(∇⊥BŶt(0)w
1(·, t))
)
,
where ∇⊥B is the normal connection of B. This implies together with (4.11) that
(6.3)
Ŷt(s) = −
(Ht −H(ξ,t)) cos(
√
εk0bs)
v̂(ξ, t) cos2(
√
εk0br̂(ξ, t))
Pγ
w1(ξ,t)|[0,s]((gradtrt)c(ξ,t))
+sPγ
w1(ξ,t)|[0,s](D
si
sw1(ξ,t)(∇⊥BŶt(0)w
1(·, t))).
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In particular, we have
(6.4)
Ŷt(r̂(ξ, t)) = −
Ht −H(ξ,t))
v̂(ξ, t) cos(
√
εk0br̂(ξ, t))
Pγw(ξ,t)((gradtrt)c(ξ,t)
+r̂(ξ, t)Pγw(ξ,t) |[0,1](D
si
w(ξ,t)(∇⊥BŶt(0)w
1(·, t))).
Also, we have
(6.5)
(
∂ŵ1
∂t
)
(ξ, t) =
(
∇δ∂
∂t
∂δ
∂s
)∣∣∣∣
s=r̂(ξ,t)
= ∇δ∂
∂s
|s=r̂(ξ,t)Yt
=
(H t −H(ξ,t))
√
εk0b sin(
√
εk0br̂(ξ, t))
v̂(ξ, t) cos2(
√
εk0br̂(ξ, t))
Pγw(ξ,t)((gradtrt)c(ξ,t))
+Pγw(ξ,t) |[0,1](D
co
w(ξ,t)(∇⊥BŶt(0)w
1(·, t))).
Hence we obtain
(6.6)
g¯
(
N(ξ, t),
(
∂ŵ1
∂t
)
(ξ, t)
)
= −(Ht −H(ξ,t))
√
εk0b sin(
√
εk0br̂(ξ, t))||(grad rt)c(ξ,t)||2
v̂(ξ, t)2 cos3(
√
εk0br̂(ξ, t))
.
From (6.2) and (6.6), we obtain
(6.7)
∂û
∂t
= g¯(ft∗(gradHt), ŵ1t )
−(Ht −H(ξ,t))
√
εk0b sin(
√
εk0br̂(ξ, t))||(grad rt)c(ξ,t)||2
v̂(ξ, t)2 cos3(
√
εk0br̂(ξ, t))
.
Fix x0 ∈ B, ξ0 ∈ S⊥x0B and t0 ∈ [0, T1). Let (e1 · · · emH ), γi, γ˜it, (Eti )s, ξit,s (i =
1, · · · ,mH) and {Et
mH+1
, · · · , Etn} be as in Section 4. Define a map δi : [0, T1) ×
(−ε, ε)→M (i = 1, · · · ,mH) by
δi(t, s) := expγi(s)(tw(ξ
i
t0,s, t0)),
where ε is a small positive number. Set Y s0i :=
∂δi
∂s
∣∣∣∣
s=s0
. Since Y s0i is the Jacobi
field along γw(ξit0,s0 ,t0)
with Y s0i (0) = γ
′
i(s0) and (Yi
s0)′(0) = (eirt)w1(ξit0,s0 , t0), it is
described as
Y s0i (t) = Pγw(ξi
t0 ,s0
,t0)
|[0,t]
(
Dcotw(ξit0,s0 ,t0)
(γ′i(s0)) + tD
si
tw(ξit0,s0
,t0)
((eirt)w
1(ξit0,s0 , t0))
)
= Pγ
w(ξi
t0,s0
,t0)
|[0,t]
(
Dcotw(ξit0,s0 ,t0)
(γ′i(s0))
)
+ t(eirt)ŵ
1(ξit0,s0 , t0)
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Hence we have
(6.8)
∇ft0
(E
t0
i )s0
ŵ1t0 = (Y
s0
i )
′(1)
= Pγ
w(ξi
t0,s0
,t0)
|[0,1]
(
(Dsiw(ξ0,t0) ◦ ad(w(ξ0, t0))2)ei
)
+ (eirt0)ŵ
1(ξit0,s0 , t0),
where ∇ft0 is the pull-back connection of ∇ by ft0 . Let αj : (−ε, ε) → M (j =
mH + 1, · · · , n) be the integral curve of Et0j with αj(0) = ξ0, where ε is a small
positive number. Define a map δ̂j : [0, T1) × (−ε, ε) → M (j = mH + 1, · · · , n) by
δ̂j(t, s) := expx0(t(ft0 ◦ αj)(s)). Set Ŷ s0j :=
∂δ̂j
∂s
∣∣∣∣∣
s=s0
. Since Ŷ s0j is the Jacobi field
along γw(αj(s0),t0) with Ŷ
s0
j (0) = 0 and (Ŷ
s0
j )
′(0) = (expx0)
−1∗ (ft0∗(E
t0
j )αj(s0)), it is
described as
Ŷ s0j (t) = Pγw(αj (s0),t0)|[0,t]
(
tDsitw(αj(s0),t0)((expx0)
−1
∗ (ft0∗(E
t0
j )αj(s0)))
)
.
For simplicity, we denote (Et0j )αj (s) by (E
t0
j )s. Hence we have
(6.9)
∇ft0
(E
t0
j )s0
ŵ1t0 = (Ŷ
s0
j )
′(1)
= Pγw(αj (s0),t0)|[0,1]
(
Dcow(αj(s0),t0)((expx0)
−1
∗ ((E
t0
j )s0))
)
= (Et0j )s0 .
Denote by △tût be the rough Laplacian of ût with respect to gt. On the other hand,
we have
(6.10)
(△t0 ût0)(ξ0) =
n∑
i=1
∇t0
(E
t0
i )0
∇t0
(E
t0
i )0
g¯(Nt0 , ŵ
1
t0)
=
mH∑
i=1
(
∂
∂s
∣∣∣∣
s=0
((Et0i )s(g¯(Nt0 , ŵ
1
t0))
)
= g¯(ft0∗((gradHt0)ξ0), ŵ
1(ξ0, t0))− ||At0 ||2(ξ0)ût0(ξ0) + Tr(At0 |Vw(ξ0,t0))
+
mH∑
i=1
g¯(ft0∗(A
t0((e˜i)
t0
ξ0
)), ∇ft0
(e˜i)
t0
ξ0
ŵ1t0),
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where we use g¯(Nt0 ,∇
ft0
(E
t0
i )s
ŵ1t0) = 0 (i = 1, · · · , n) and ∇
ft0
(E
t0
j )0
ŵ1t0 = (E
t0
j )0 (j =
mH + 1, · · · , n). From (6.7) and (6.10), we have
(6.11)
∂û
∂t
∣∣∣∣
t=t0
= △t0 ût0 + ||At0 ||2ût0 − Tr(At0 |Vw(ξ0,t0))
−
mH∑
i=1
g¯(ft0∗(A
t0((e˜i)
t0
ξ0
), ∇ft0
(e˜i)
t0
ξ0
ŵ1t0)
−(Ht −H(ξ,t))
√
εk0b sin(
√
εk0br̂(ξ, t))||(grad rt)c(ξ,t)||2
v̂(ξ, t)2 cos3(
√
εk0br̂(ξ, t))
.
From (2.24) and (6.1), we have
(6.12) Tr(At0 |Vw(ξ0,t0)) = û(ξ0, t0)
2∑
k=0
mVk
√
εkb
tan(
√
εkbr̂(ξ0, t0))
.
Fix (ξ0, t0) ∈M × [0, T ). From (2.5) and τ−1c(ξ0,t0)ei ∈ pkiβ, we have
(6.13)
ft0∗(A
t0((e˜i)
t0
ξ0
))
= −û(ξ0, t0)
√
εkib tan(
√
εkibr̂(ξ0, t0))ft0∗((e˜i)
t0
ξ0
)
+û(ξ0, t0)
3(eirt0)
√
εkib tan(
√
εkibr̂(ξ0, t0))
×ft0∗( ˜((Dcow(ξ0,t0))−2((grad rt0)c(ξ0,t0)))
t0
ξ0
)
−û(ξ0, t0)2(Pγw(ξ0 ,t0) ◦ τc(ξ0,t0))(Zei,w(ξ0,t0)(1))T .
On the other hand, according to (2.21), we have
(6.14) ft0∗(X˜
t0
ξ0
) = cos(
√
εkbr̂(ξ0, t0))Pγw(ξ0 ,t0)(X) + (Xrt0)ŵ
1(ξ0, t0)
for any X ∈ Tc(ξ0,t0)B ∩ τc(ξ0,t0)pkβ. By using (6.13) and (6.14), we can show
(6.15)
ft0∗(A
t0((e˜i)
t0
ξ0
))
= −û(ξ0, t0)
√
εkib sin(
√
εkibr̂(ξ0, t0))Pγw(ξ0 ,t0)(ei)
+
û(ξ0, t0)
3(eirt0)
√
εkib tan(
√
εkibr̂(ξ0, t0))
cos(
√
εk0br̂(ξ0, t0))
×Pγw(ξ0 ,t0)((grad rt0)c(ξ0,t0))
−û(ξ0, t0)2((Pγw(ξ0 ,t0) ◦ τc(ξ0,t0))(Zei,w(ξ0,t0)(1)))T
−û(ξ0, t0)
√
εkib tan(
√
εkir̂(ξ0, t0))(eirt0)ŵ
1(ξ0, t0)
+
û(ξ0, t0)
3√εkib tan(
√
εkir̂(ξ0, t0))(eirt0)||grad rt0 ||2
cos2(
√
εk0r̂(ξ0, t0))
ŵ1(ξ0, t0).
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On the other hand, from (6.8), we have
(6.16)
∇ft0
(e˜i)
t0
ξ0
ŵ1t0 =
√
εkibr̂(ξ0, t0) sin(
√
εkibr̂(ξ0, t0))Pγw(ξ0 ,t0)(ei)
+(eirt0)ŵ
1(ξ0, t0).
From (6.15) and (6.16), we obtain
(6.17)
g(ft0∗(A
t0((e˜i)
t0
ξ0
)), ∇ft0
(e˜i)
t0
ξ0
ŵ1t0)
= −û(ξ0, t0)2r̂(ξ0, t0) sin2(
√
εkibr̂(ξ0, t0))
+û(ξ0, t0)
3√εkib tan(
√
εkibr̂(ξ0, t0))(eirt0)
2
×(√εkibr̂(ξ0, t0) tan(
√
εkibr̂(ξ0, t0))− 1)
−û(ξ0, t0)2
√
εkibr̂(ξ0, t0) sin(
√
εkibr̂(ξ0, t0))
×g(τc(ξ0,t0)(Zei,w(ξ0,t0)(1)), ei)
− û(ξ0, t0)
4(eirt0)(
√
εkibr̂(ξ0, t0) tan(
√
εkibr̂(ξ0, t0))− 1)
cos(
√
εk0br̂(ξ0, t0))
×((τc(ξ0,t0)(Zei,w(ξ0,t0)(1)))rt0).
Also, from (2.19), we have
(6.18)
Zei,w(ξ0,t0)(1)
≡ cos(√εk0br̂(ξ0, t0))τ−1c(ξ0,t0)
(
∇ct0
(e˜i)
t0
ξ0
((Dco· )
−2(grad rt0))
)
+
(
1− 1
cos(
√
εk0br̂(ξ0, t0))
+
tan(
√
εk0br̂(ξ0, t0))√
εk0br̂(ξ0, t0)
)
× 2eirt0
r̂(ξ0, t0)
τ−1c(ξ0,t0)((grad rt0)c(ξ0,t0)) (mod p
′⊥).
Hence we have
g(τc(ξ0,t0)(Zei,w(ξ0,t0)(1)), ei)
= g(∇ct0
(e˜i)
t0
ξ0
((Dco· )
−2(grad rt0)), ei) cos(
√
εk0br̂(ξ0, t0))
+
(
1− 1
cos(
√
εk0br̂(ξ0, t0))
+ tan(
√
εk0br̂(ξ0, t0))
)
2(eirt0)
2
r̂(ξ0, t0)
.
Also, we have
∇ct0
(e˜i)
t0
ξ0
((Dco· )
−2(grad rt0)) = ∇ct0(e˜i)t0ξ0
(
1
cos2(
√
εk0br̂(·, t0)) (grad rt0))c(·,t0)
)
=
2 sin(
√
εk0br̂(ξ0, t0))
√
εk0b(eirt0)
cos3(
√
εk0br̂(ξ0, t0))
(grad rt0)c(ξ0,t0)
+
1
cos2(
√
εk0br̂(ξ0, t0))
∇eigrad rt0 .
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From these relations, we can derive
(6.19)
g(τc(ξ0,t0)(Zei,w(ξ0,t0)(1)), ei)
=
(
2 sin(
√
εk0br̂(ξ0, t0))
√
εk0b
cos2(
√
εk0br̂(ξ0, t0))
+
2(1− 1
cos(
√
εk0br̂(ξ0,t0))
+ tan(
√
εk0br̂(ξ0, t0)))
r̂(ξ0, t0)
)
×||grad rt0 ||2δi1 +
g¯(∇eigrad rt0 , ei)
cos(
√
εk0br̂(ξ0, t0))
,
where δi1 denotes the Kronecker’s delta. By using these relations, we obtain the
following evolution equations for ût and v̂t.
Lemma 6.1. (i) The function ût satisfies the following evolution equation:
(6.20)
∂û
∂t
(ξ, t)− (△tût)(ξ) =
6∑
j=0
ηj(r̂(ξ, t))û(ξ, t)
j + ηH(r̂(ξ, t))H t
+gt((gradtût)ξ,X(ξ, t))
((ξ, t) ∈ M × [0, T1)), where ηj (j = 0, · · · , 6) and ηH are some Cω-functions over
[0, rcut), and X(ξ, t) is some tangent vector of M at ξ.
(ii) The function v̂t satisfies the following evolution equation:
(6.21)
∂v̂
∂t
(ξ, t)− (△tv̂t)(ξ) =
2∑
j=−4
η̂j(r̂(ξ, t))v̂(ξ, t)
j + η̂H(r̂(ξ, t))H t
+gt((gradtv̂t)ξ, X̂(ξ, t))
((ξ, t) ∈M × [0, T1)), where η̂j (j = −4, · · · , 2) and η̂H are some Cω-functions over
[0, rcut), and X̂(ξ, t) is some tangent vector of M at ξ.
Proof. By simple calculations, we have
||(grad rt)c(ξ,t)||2 = cos2(
√
εk0br̂(ξ, t))
(
1
û(ξ, t)2
− 1
)
and
gt(gradtût)ξ, Y ) = −
û(ξ, t)3
cos2(
√
εk0br̂(ξ, t))
{g¯((∇ct∗Y grad rt, (grad rt)c(ξ,t))
+
√
εk0b tan(
√
εk0br̂(ξ, t))||(grad rt)c(ξ,t)||2 · gt(gradtr̂t)ξ, Y )}
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for any tangent vector Y of M at ξ. The relation (6.20) follows directly from
(6.11), (6.12), (6.17), (6.18), (6.19) and these relations. The relation (6.21) follows
from (6.20) and the following relations:
∂v̂
∂t
= − 1
û2
∂û
∂t
, grad v̂t = − 1
û2t
grad ût and △tv̂t = − 1
û2t
△tût + 2
û3t
||grad ût||2.
q.e.d.
From Lemmas 4.1 and 6.1, we can derive the following evolution equation.
Lemma 6.2. Set φ̂ := eCr̂v̂, where C is a fixed positive constant. This function φ̂
satisfies the following evolution equation:
(6.22)
∂φ̂
∂t
(ξ, t)− (△tφ̂t)(ξ) =
2∑
j=−4
η˜j(r̂(ξ, t))φ̂(ξ, t)
j + η˜H(r̂(ξ, t))H t
+gt((gradtφ̂t)ξ, X˜(ξ, t))
((ξ, t) ∈M × [0, T1)), where η˜j (j = −4, · · · , 2) and η˜H are some Cω-functions over
[0, rcut), and X˜(ξ, t) is some tangnet vector of M at ξ.
Proof. By simple calculations, we have
(6.23)
e−Cr̂(ξ,t)
(
∂φ̂
∂t
(ξ, t)− (△tφ̂t)(ξ)
)
= Cv̂(ξ, t)
(
∂r̂
∂t
(ξ, t)− (△tr̂t)(ξ)
)
+
(
∂v̂
∂t
(ξ, t)− (△tv̂t)(ξ)
)
−C2||(gradtr̂t)ξ||2t v̂(ξ, t)− 2Cgt((gradtr̂t)ξ, (gradtv̂t)ξ)
and
(6.24)
gt((gradtr̂t)ξ , (gradtv̂t)ξ) =
1
Cφ̂(ξ, t)
gt((gradtφ̂t)ξ, (gradtv̂t)ξ)
− 1
Cv̂(ξ, t)
||(gradtv̂t)ξ||2t .
According to (4.21), we have
∂r̂
∂t
(ξ, t)− (△tr̂t)(ξ) =
2∑
j=−4
◦
ηj(r̂(ξ, t))φ̂(ξ, t)
j +
◦
ηH(r̂(ξ, t))H t
+gt((gradtφ̂t)ξ,
◦
X(ξ, t)),
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where
◦
ηj (j = −4, · · · , 2) and ◦ηH are some Cω-functions over [0, rcut), and
◦
X(ξ, t)
is some tangent vector of M at ξ. According to (6.21), ∂v̂∂t (ξ, t) − (△tv̂t)(ξ) also is
described similarly. These descriptions together with (6.23) and (6.24) derive the
desired relation. q.e.d.
By using Propositions 5.3, 5.4 and Lemma 6.2, we shall prove Theorem A.
Proof of Theorem A. According to Proposition 5.3, we have sup
t∈[0,T1)
max
M
r̂t < rcut.
By using this fact, we can derive
sup
t∈[0,T1)
max
ξ∈M
η˜j(r̂(ξ, t)) <∞ (j = −4, · · · , 2)
and
sup
t∈[0,T1)
max
ξ∈M
η˜H(r̂(ξ, t)) <∞.
Also, we have
sup
t∈[0,T1)
max
ξ∈M
η˜1(r̂(ξ, t)) < 0
and
sup
t∈[0,T1)
max
ξ∈M
η˜2(r̂(ξ, t)) ≤ 0
by choosing C suitably. Set
ar := sup
t∈[0,T1)
max
M
r̂t,
Cj := sup
t∈[0,T1)
max
ξ∈M
η˜j(r̂(ξ, t)) <∞ (j = −4, · · · , 2),
CH := sup
t∈[0,T1)
max
ξ∈M
η˜H(r̂(ξ, t))
and
C ′1 := − sup
t∈[0,T1)
max
ξ∈M
η˜1(r̂(ξ, t)).
Take any t0 ∈ [0, T ). Set
a(t0) := min
t∈[0,t0]
min
ξ∈M
r̂(ξ, t).
According to Proposition 5.4, we have
max
t∈[0,t0]
|Ht| ≤ Ĉ(a(t0), ar)
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for some positive constant Ĉ(a(t0), ar) depending only on a(t0) and ar. Suppose
that T1 < t0. Since v̂(ξ, t) ≥ 1 and hence φ̂(ξ, t)−1 ≤ 1 (0 ≤ t < T1), it follows from
(6.22) that
(6.25)
∂φ̂
∂t
(ξ, t)− (△tφ̂t)(ξ) ≤ −C ′1φ̂(ξ, t) +
0∑
j=−4
Cj + CHĈ(a(t0), ar)
+gt((gradtφ̂t)ξ, X˜(ξ, t)) (0 ≤ t < T1).
For simplicity, set
C˜(a(t0), ar) :=
0∑
j=−4
Cj + CHĈ(a(t0), ar).
By the maximum principle, we can derive
sup
t∈[0,T1)
max
ξ∈M
φ̂(ξ, t) ≤ max
{
max
ξ∈M
φ̂0(ξ),
c˜(a(t0), ar)
C ′1
}
.
For simplicity, set
C(t0) := max
{
max
ξ∈M
φ̂0(ξ),
c˜(a(t0), ar)
C ′1
}
.
From v̂t ≤ φ̂t, we have
sup
t∈[0,T1)
max
ξ∈M
v̂(ξ, t) ≤ C(t0)
and hence
inf
t∈[0,T1)
min
ξ∈M
û(ξ, t) ≥ C(t0)−1.
By the continuity, we have
inf
t∈[0,T1+ε)
min
ξ∈M
û(ξ, t) > 0
for a sufficiently small positive number ε. This contradicts the definition of T1.
Hence we obtain T1 ≥ t0. Furthermore, from the arbitrariness of t0, we obtain
T1 = T . q.e.d.
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7 Examples
Polars and meridians of symmetric spaces of compact type are reflective. If F ⊂M
is either a Helgason sphere (which is a meridian) or the corresponding polar of rank
one symmetirc spaces of compact type in Table 2, then R(·, ξ)ξ|TxF is the constant-
multiple of the identity transformation of TxF for any x ∈ F and for any ξ ∈ T⊥x F .
Also, if F ⊂ M is one of reflective submanifolds of a rank one symmetirc spaces of
non-compact type as in Table 3 (which are given as an orbit of the dual action of a
Hermann action having a Helgason sphere or the corresponding polar in Table 2 as
an orbit), then R(·, ξ)ξ|TxF is the constant-multiple of the identity transformation
of TxF for any ξ ∈ T⊥x F , that is, the condition (i) in Theorem A holds for any rt.
In fact, we can confirm this fact as follows. In the cases where F is as in Tables 2
and 3, we have
K = {1, 2}, p0 = a = b, p′ = pβ ∩ p′ and p′⊥ = b+ pβ ∩ p′⊥ + p2β
for any x ∈ F and any ξ ∈ T⊥x F , where K, pβ and p2β are the quantities defined as
in Section 2 for b = Span{τ−1x ξ}. That is, we have
R((gradψ)x, ξ)ξ = −
√
ε
2
β(τ−1x ξ)
2(gradψ)x
for any positive function ψ over F .
M F F⊥x
RPn+1 S1 (a Helgason sphere) RPn (the corresponding polar)
CPn+1 S2 (a Helgason sphere) CPn (the corresponding polar)
QPn+1 S4 (a Helgason sphere) QPn (the corresponding polar)
OP 2 S8 (a Helgason sphere) S8 (the corresponding polar)
RPn+1 RPn (the corresponding polar) S1 (a Helgason sphere)
CPn+1 CPn (the corresponding polar) S2 (a Helgason sphere)
QPn+1 QPn (the corresponding polar) S4 (a Helgason sphere)
OP 2 S8 (the corresponding polar) S8 (a Helgason sphere)
(M : a rank one symmetric space of compact type)
Table 2.
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M F F⊥x
Hn H1 Hn
CHn+1 H2 CHn
QHn+1 H4 QHn
OH2 H8 H8
Hn Hn H1
CHn+1 CHn H2
QHn+1 QHn H4
OH2 H8 H8
(M : a rank one symmetric space of non-compact type)
Table 3.
If F ⊂M is one of meridians in irreducible rank two symmetirc spaces of compact
type in Table 4 and if D is the corresponding distribution on F as in Table 4, then
Dx is a common eigenspace of the family {R(·, ξ)ξ | ξ ∈ T⊥x F} for any x ∈ F . Also,
if F ⊂M is one of reflective submanifolds of irreducible rank two symmetirc spaces
of non-compact type as in Table 5 (which are given as an orbit of the dual action
of a Hermann action having the meridian as in Table 4 as an orbit) and if D is the
corresponding distribution on F as in Table 5, then Dx is a common eigenspace of
the family {R(·, ξ)ξ | ξ ∈ T⊥x F} for any x ∈ F . Hence the condition (i) in Theorem
A holds for any rt with (grad rt)x ∈ Dx (x ∈ B). In fact, we can confirm this fact
as follows. First we consider the case of (1) − (4) in Tables 4 and 5. In these cases,
we have K = {1, 2} and τ−1x (Dx) = p2β ∩ p′ for any x ∈ F and any ξ ∈ T⊥x F , where
K and p2β are the quantities defined as in Section 2 for b = Span{τ−1x ξ}. That is,
we have
R((gradψ)x, ξ)ξ = −4
√
ε
2
β(τ−1x ξ)
2(gradψ)x
for any positive function ψ over F with (gradψ)x ∈ Dx (x ∈ F ). Next we consider
the case of (5) in Tables 4 and 5. In these cases, K = {1} holds, for one of D =
TSp(1)’s in (5), τ−1x (Dx) = p0 ∩ p′ (x ∈ F, ξ ∈ T⊥x F ) holds and, for another
D = TSp(1)’s in (5), τ−1x (Dx) = pβ ∩ p′ (x ∈ F, ξ ∈ T⊥x F ) holds, where K, p0 and
pβ are the quantities defined as in Section 2 for b = Span{τ−1x ξ}. That is, in the
first case, we have
R((gradψ)x, ξ)ξ = 0
for any positive function ψ over F with (gradψ)x ∈ Dx (x ∈ F ), and in the second
case,
R((gradψ)x, ξ)ξ = −
√
ε
2
β(τ−1x ξ)
2(gradψ)x
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for any positive function ψ over F with (gradψ)x ∈ Dx (x ∈ F ).
M F F⊥x D
(1) SU(3)/SO(3) S1 · S2 (meridian) RP 2 (polar) TS1
(2) SU(6)/Sp(3) S1 · S5 (meridian) QP 2 (polar) TS1
(3) SU(3) S1 · S3 (meridian) CP 2 (polar) TS1
(4) E6/F4 S
1 · S9 (meridian) OP 2 (polar) TS1
(5) Sp(2) Sp(1)× Sp(1) (meridian) S4 (polar) One of TSp(1)’s
(M : an irreducible rank two symmetric space of compact type)
Table 4.
M F F⊥x D
(1) SL(3,R)/SO(3) H1 ×H2 H2 TH1
(2) SU∗(6)/Sp(3) H1 ×H5 QH2 TH1
(3) SL(3,R) H1 ×H3 CH2 TH1
(4) E−266 /F4 H
1 ×H9 OH2 TH1
(5) Sp(2,C) Sp(1,C)× Sp(1,C) H4 One of TSp(1,C)’s
(M : an irreducible rank two symmetric space of non-compact type)
Table 5.
See [He] about the notations in these tables for example.
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